We perform histogram-reweighting grand canonical Monte Carlo simulations of the Lennard-Jones fluid confined between two parallel hard walls and determine the vapor-liquid critical and coexistence properties in the range of Յ H Յ 6 and 10 Յ L x , L y Յ 28, where H is the wall separation, L x = L y is the system size and is the characteristic length. By matching the probability distribution of the ordering operator, P͑M͒, to the three-dimensional ͑3D͒ and two-dimensional ͑2D͒ Ising universality classes according to the mixed-field finite-size scaling approach, we establish a "phase diagram" in the ͑H , L͒ plane, showing the boundary between four types of behavior: 3D, quasi-3D, quasi-2D, and 2D. In order to facilitate 2D critical point calculation, we present a four-parameter analytical expression for the 2D Ising universal distribution. We show that the infinite-system-size critical points obtained by extrapolation from the apparent 3D and 2D critical points have only minor differences with each other. In agreement with recent reports in the literature ͓Jana et al., J. Chem. Phys. 130, 214707 ͑2009͔͒, we find departure from linearity in the relationship between critical temperature and inverse wall separation, as well as nonmonotonic dependence of the critical density and the liquid density at coexistence upon wall separation. Additional studies of the ST2 model of water show similar behavior, which suggests that these are quite general properties of confined fluids.
I. INTRODUCTION
Confined fluids are commonly encountered in biology, geology, and industry. Knowledge of the phase behavior and thermodynamic properties of fluids in confinement is essential for understanding natural phenomena such as membrane mechanics, 1 capillary condensation, 2 and protein folding; 3 for the engineering design of industrial processes, such as oil recovery and heterogeneous catalysis; and for implementing technological solutions to address environmental problems. 4 An example of the latter category is knowledge of the phase behavior in CO 2 -water systems under conditions relevant to carbon capture and storage, and how it is affected by nanoscale confinement, such as could occur during flow in narrow pores during a leak. 5 The phase behavior of fluids can be greatly affected by the presence of solid surfaces. It is customary to distinguish interfacial effects, which arise when a fluid contacts a solid surface from confinement effects, which occur when a fluid system is surrounded by solid boundaries, and the characteristic confining dimension is comparable to the size of a molecule. Examples of the former include the occurrence of surface transitions which are absent in the bulk, such as layering and wetting. 2, 6, 7 Examples of the latter include the shift in the common phase transitions, such as the vapor-liquid transition [8] [9] [10] [11] [12] [13] and the liquid-liquid transition for binary mixtures. [14] [15] [16] The effects of confinement on the phase behavior of fluids, if properly understood, can be used as a powerful tool to probe the thermodynamic properties of the confined fluid. A recent important application of confinement in scientific research is the suppression of ice nucleation and the consequent ability to study deeply supercooled water below its homogenous nucleation temperature by confinement in nanosize pores. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Evidence of a fragile-to-strong dynamic transition in confined supercooled water has been obtained, [19] [20] [21] [22] [23] 27 yet its relation to bulk phase behavior, in particular the proposed liquid-liquid transition of supercooled water, 28 remains controversial due to conflicting interpretations of the effects of confinement on experimental measurements, 20, 29, 30 and more generally the lack of a sound theoretical basis with which to relate measurements on a confined system to the thermodynamics of the corresponding bulk system.
Recently we used histogram reweighting grand canonical Monte Carlo ͑GCMC͒ 31, 32 and mixed-field finite-size scaling 33, 34 to locate the liquid-liquid critical point of the ST2 model of water 35 at T c = 237Ϯ 4 K, c = 0.99Ϯ 0.02 g / cc, and P c = 167Ϯ 24 MPa. 36 It is desirable to implement this rigorous method to confined water systems, since understanding to what extent various types of confinement ͑e.g., hydrophobic and hydrophilic͒ shift this critical point and affect this transition will provide valuable quantitative predictions that bridge experiments and computations. At present, however, the application of the mixed-field finite-size scaling approach to confined systems is not straightforward. The premise for applying finite-size scaling is that the phase transition belongs to the Ising universality class. 33, 34 Depending on the dimensionality of the system, either the threedimensional ͑3D͒ ͑Ref. 34͒ or the two-dimensional ͑2D͒ universality class 37 should apply at the infinite system size limit.
In confinement, however, the introduction of geometric constraints complicates the determination of the effective dimensionality of the system at finite system sizes, and therefore complicates the accurate determination of critical points. The effect of dimensionality on the critical behavior of confined systems has been the subject of extensive theoretical investigations spanning several decades, 2, 6, [38] [39] [40] [41] [42] [43] [44] and a dimensional crossover from the 3D to the 2D universality class ͑in terms of critical exponents, 45 and based on the general finite-size scaling theory 46, 47 ͒ has been observed in many systems, such as Ising models, 40, 43 soft matter mixtures, [48] [49] [50] square-well fluids, 11, 12 and water. 51 In very narrow pores, 2D critical behavior is expected 2 and has been confirmed in experiments 52 and simulations. 11, 43, 49, 53, 54 However, for large enough pores, such that most fluid molecules do not "feel" the surfaces, 3D critical behavior is approached 6, 51 even quite near the critical point. The observed effective critical exponents are found to be sensitive to system size as well. 12 While the above studies mainly focused on smooth, or on regular, atomically detailed walls, it is found that in random confinement, such as for example gels, the critical behavior belongs instead to the random-field Ising universality class. 55, 56 The only previous work to our knowledge that applied the mixed-field finite-size scaling approach of Wilding 33, 34 to confined systems is the study of the phase transitions of confined lattice homopolymers, 54 where large system sizes were used and the critical parameters were determined by matching the probability distribution of the ordering operator of the system, which is a combination of the number of particles and the energy, to the 2D universality class. However, it is not always the case that the 2D limit can be approached, due to the increasing computational effort required for larger pore widths. Here we focus our attention on continuous-space models, and we investigate the extent to which matches to the 2D universality class are possible for system sizes that can be explored in practical simulations. More specifically, we explore the existence and location of the 3D to 2D crossover as a function of pore width and system size, based on the probability distribution of the order operator of the system.
To tackle the problem, we consider the vapor-liquid transition of the Lennard-Jones ͑LJ͒ fluid confined by hard walls. The LJ potential is a basic model that has been extensively used to represent monoatomic fluids. 57 It is also frequently used as part of the force field in simulating molecular fluids, such as water, 35 methanol, 58 and carbon dioxide. 59 The vapor-liquid coexistence properties of both the bulk 34, 60, 61 and 2D LJ fluids 53, 61 have been investigated comprehensively. Using histogram reweighting GCMC and the mixedfield finite-size scaling approach, we examine the matches of the probability distribution of the ordering operator of the system to the 2D and 3D universality class distributions, and locate the effective critical points at various wall separations and simulation box sizes. The effects of confinement on the critical parameters and coexistence densities are also of considerable scientific interest. One important conclusion from previous theoretical predictions 2, 6 and computer simulations 62 is the existence of a linear relationship between the shift in the critical temperature and inverse wall separation in narrow pores. Recently, however, this linear dependence was found to break down in extremely narrow pores ͑one or two fluid layers͒ in studies of the vapor-liquid transition of the square-well fluid confined by hard walls, 11, 12 as well as the vapor-liquid transition of alkanes in graphite and mica pores. 13 Remarkably, the critical density was found to decrease as the pore width increased initially from the strictly 2D case, but then increased until it reached a maximum at a separation corresponding to two layers of fluid molecules within the pore. 12 The calculations reported here for the vapor-liquid transition of the confined LJ fluid, as well as for the confined ST2 model of water, the latter being representative of fluids with short-range directional and longrange electrostatic interactions, reveal similar behavior for the evolution of the critical temperature, critical density, and the coexisting densities to that found in the square-well fluid. 11, 12 This suggests that the departure from linearity in the relationship between critical temperature and inverse pore width, as well as the nonmonotonic dependence of the critical density upon pore width, are quite general properties of confined fluids.
As an additional result of this work, we provide a simple, four-parameter analytical expression for the 2D Ising universal distribution. The 2D and 3D Ising universal distributions are extensively used in finite-size scaling studies. The Ising universal distributions have been obtained from numerical simulations: for example, Hilfer and Wilding 63 provided accurate determinations of the 2D and 3D Ising universal distributions by extensive MC simulations. In 2000, Tsypin and Blöte formulated a highly accurate twoparameter analytical expression for the 3D Ising universal distribution. 64 Inspired by this work, as well as other theoretical and computational studies, 63, 65 we propose an analytical expression for the 2D Ising universal distribution which we find to be of satisfactory accuracy and convenient for future use. The details of this expression are provided in the Appendix.
This paper is organized as follows. Model system and simulation details are provided in Sec. II. Results and discussion are presented in Sec. III. The major conclusions of this work are presented in Sec. IV, followed by an Appendix.
II. MODEL SYSTEM AND SIMULATION DETAILS
In this study, the LJ fluid is confined between two parallel structureless hard walls. Periodic boundary conditions are applied in the x and y directions and the system is finite in the z direction. The LJ potential is given by
where is the pair potential, and are the characteristic energy and size parameters, respectively, and r is the distance between two particles. Here, the LJ potential is truncated at r c = 2.5 and no long-range corrections are included. Potential truncation has a measurable effect on the phase behavior and critical parameters. 66 The interaction between fluid particles and the hard walls is given by
where r f-w is the distance between the fluid particle and the wall in the z direction. The simulation box lengths are set to be equal in the x and y directions, L x = L y , and they cover the range of 10 Յ L x , L y Յ 28. The range of wall separations H studied in this work is Յ H Յ 6.
The dimensionless temperature is defined as T ‫ء‬ = k B T / , where k B is Boltzmann's constant, and the dimensionless chemical potential is given by
where ⌳ is the thermal de Broglie wavelength, and ex is the difference between the chemical potential and that of an ideal gas at the same temperature and density. The density of the system is defined by ‫ء‬ = N 3 / V, with N being the total number of particles and V ͑=L x L y H͒ being the total volume of the confined system. We take H to be the distance between the two parallel hard repulsive walls. This definition of confined volume has been shown to be preferable to the alternative ‫ء‬ = N 3 / V h in comparing thermodynamic quantities of confined and bulk fluids, where V h ͓=L x L y ͑H-͔͒ is the volume accessible to particle centers. 67 GCMC simulations were performed at fixed volume V, temperature T and chemical potential . The simulations started with an empty box and microstates were generated with a combination of displacement, insertion and deletion moves. To accept or reject moves, Metropolis criteria 68 were adopted. The maximum displacement of particles was 0.3. At each step, the ratio of the probabilities of attempting displacement, insertion and deletion moves was 1:5:5. Throughout the simulations, the acceptance ratio was roughly 30%-50% for displacement moves, and 20%-40% for insertion/ deletion moves. 2D histograms in the space of N and U were collected with an energy bin of 2 after equilibration. The total number of MC steps used to produce the histograms ranged from 100 to 1000ϫ 10 6 steps, depending on the thermodynamic conditions and the box size. The longest simulations in a box of L x = L y =22 and H =6 took approximately 12 h on 3 GHz Xeon processors.
For each simulation box, that is, each wall separation H and box length L x and L y , the probability distribution of the density near the vapor-liquid critical point was first determined using histogram reweighting techniques. 31, 32 Specifically, multiple runs covering a broad range of density and energy were conducted, and histograms were combined and reweighted to conditions of interest until a bimodal distribution of densities was found, which indicated the existence of a phase transition. New runs were then conducted at these specific conditions ͑T and ͒ for sufficient MC steps to collect histogram data. The histogram data near the critical point were then used for precise determination of the critical point.
The mixed-field finite-size scaling theory of Wilding et al. 33, 34 has been widely applied to determine critical parameters of 3D, 34 54 This approach defines an ordering operator M, which is a linear combination of the number of particles N and total configurational energy U
where s is the field mixing parameter. At criticality, the probability distribution of the scaling parameter of x, which is defined as x = A͑M − M c ͒, has a universal form. Depending on the dimensionality of the system, the vapor-liquid transition belongs to the 2D or the 3D universality class of the Ising model. Accordingly, the distribution can have one of two limiting forms: the 2D universal distribution 63, 65 or the 3D universal distribution. 63, 64 The nonuniversal parameter A and the critical value of the ordering operator M c are chosen so that zero mean and unit variance of the distribution are observed in the scaling parameter. To obtain the critical parameters, we adjusted the thermodynamic parameters T, and the field mixing parameter s to get a best fit to the universal distributions. The objective function used to minimize the deviation of the probability distribution of the ordering operator from the 2D/3D universal distribution is
where n is the total number of points of the scaling parameter x, y i is the probability of the ith point x i , and y Ising,i is the Ising universal value of x i . For each confined system with fixed wall separation and box size, fits of the near-critical histograms to both the 2D and 3D universal distribution were attempted, resulting in two types of apparent critical points. In the following, we call them the apparent "2D critical point" and the apparent "3D critical point" for simplicity. We use the term apparent to emphasize that the temperature and chemical potential for which the fit is optimal do not correspond to a true critical point, but rather to a poorer candidate compared with the one arising from the fit that yields the smaller deviation with respect to the corresponding universal Ising distribution. Even though one candidate is superior to the other based on the respective qualities of the fits, we locate and report both. The qualities of the fits to the 2D and 3D universal distributions were quantitatively compared using the following criterion:
, ͑6͒
where y Ising,peak is the peak value of the Ising universal distribution and y Ising,x=0 is the "well" value of the Ising universal distribution at x = 0. We chose the above criteria based on the following considerations: first, deviations near the peaks are assigned more weight than the deviations near the bottom by placing a weight ͱ y i in the equation. We found this weight especially useful when optimizing the matches to the universality classes. Second, the deviations of the 2D and 3D matches are compared on an equivalent scale, that is, y Ising,peak − y Ising,x=0 , and thereby fall into the same range. For example, high quality matches to the 2D and 3D universality class ͑Fig. 1͒ yield comparable values for the deviation metric, i.e., about 0.4, whereas poor quality matches yield a deviation greater than 2.0 ͑see Sec. III͒. Using these criteria, we were able to see clearly how the system gradually approached either the 2D or 3D universality class, and observe crossovers from one to the other as the box size and wall separation change. Finite-size scaling theory 34 predicts that the apparent critical parameters, T c ͑L͒ and c ͑L͒, deviate from their infinite-system values T c ͑ϱ͒ and c ͑ϱ͒ according to the following scaling relationships:
where is the correction-to-scaling exponent, is the correlation length exponent, and ␣ is the exponent associated with the heat capacity divergence. 
The histogram data can also be used to calculate the phase coexistence curve. This is achieved by matching the area under the vapor and liquid portion of the density probability distribution. To obtain the phase coexistence curve far below the critical point, several additional runs on both the liquid and vapor sides were conducted to cover broader ranges of densities. The additional runs on the vapor side started with an empty box, but the additional runs on the liquid side started from selected final high-density configurations from previous runs near the critical point in order to avoid hysteresis. Table I summarizes the critical parameters for confined LJ systems for various wall separations and box sizes. Both the apparent 2D and 3D critical points are listed, along with their deviations from the universality distributions calculated from Eq. ͑6͒. From the deviation column, it can be seen that at H = 1, 1.2, and 1.5, the vapor-liquid transition falls into the 2D Ising universality class for all box sizes studied, with equivalently small deviations. In these systems, only one layer of particles can be accommodated in the confined region. One example of our matches to the 2D universality class for H =1, L x = L y = 28 is shown in Fig. 1͑a͒ . The attempted matches to the 3D universality class, on the other hand, result in quite large deviations. As the wall separation increases, the quality of the fits to the two universality classes is affected by both wall separation and box size. In general, the probability distribution approaches the 2D universality class at large box sizes and small wall separations, and the 3D universality class at small box sizes and large wall separations. These trends are shown graphically in Fig.  2 , where the deviations from the 2D and 3D universality classes listed in Table I are represented on a color scale ͑blue= 0.4; red= 2.8͒. At the largest wall separation H = 6, and the smallest box sizes L x = L y = 10 studied, the probability distribution matches the 3D universality class very well, see Fig. 1͑b͒ . The same quality of fits is also observed for H =6, L x = L y = 14, and H =4, L x = L y = 10. At these conditions, the probability distributions do not match the 2D universality class well due to the finite size of the system. By comparing the deviations at each wall separation and box size, we classify the systems into four categories: ͑1͒ 2D: deviation from the 2D universality classՅ 0.5; ͑2͒ quasi-2D: deviation from the 2D universality classϾ 0.5, but smaller than the deviation from the 3D universality class; ͑3͒ quasi-3D: deviation from the 3D universality classϾ 0.5, but smaller than the deviation from the 2D universality class; and ͑4͒ 3D: deviation from the 3D universalityՅ 0.5. The result is shown in Fig. 3 . In this figure, we see clearly a crossover from 3D to 2D universality class, characterized by a "transition line" with a negative slope. The location of the transition line depends on the criteria and the model system used, but its existence indicates the significant impact of finite size on the determination of the effective dimensionality 
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III. RESULTS AND DISCUSSION
of a confined system. The negative slope of this transition line suggests that in the limit of infinite box size with any finite wall separation, the system becomes 2D in terms of its critical behavior. Note that for large wall separations, the 2D critical behavior is only expected to occur in very narrow region asymptotically close to the critical point, where the correlation length for the macroscopic system diverges and exceeds the simulation box size. This figure also shows that in order for the system to approach the 2D universal distribution, a sufficiently large box must be used, especially for large wall separations, which may require a simulation box so large as to make it computationally impractical. Table I also shows that matches to the 3D universality class result in a higher critical temperature, a lower critical density, and a higher critical chemical potential than the corresponding 2D matches. These differences become systematically smaller as the box size increases. If we apply finitesize scaling theory, specifically Eqs. ͑7͒ and ͑8͒, and plot the apparent critical temperatures and densities with their 2D and 3D scaling exponents ͑see Sec. II͒, we can obtain the extrapolations of the apparent 2D and 3D critical points to the infinite system size limit. These results are also shown in Table I . An example of this scaling relationship for H =2 is shown in Fig. 4 . It can be observed in both Fig. 4 and Table I that the differences between the 2D and 3D critical temperatures do not completely vanish in the L → ϱ limit. Specifically, the infinite-size critical temperatures extrapolated from the apparent 3D critical points are 1%-3% higher than those extrapolated from the apparent 2D critical points. In Deviation corresponding to the value of Eq. ͑6͒ multiplied by 100.
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Critical properties of confined fluids J. Chem. Phys. 132, 144107 ͑2010͒ contrast, the 2D and 3D critical densities have differences smaller than statistical uncertainties when extrapolated to infinite system size. Figure 5 shows the shifts of the H-dependent infinitesize critical temperatures obtained by applying finite-size scaling ͓Eq. ͑7͔͒ to the apparent 2D and 3D critical points from the bulk value as a function of the inverse wall separation, 1 / H. The bulk critical parameters are from Ref. 34 , which gives the following values:
Consistently with previous work on confined square-well fluids, 12 the shift in the critical temperature scales linearly with 1 / H until H drops to 2, at which point the linear relationship breaks down, T c ͑H͒ undergoes a sudden jump, and then gradually approaches the strictly 2D critical point at H = 1. Both 2D and 3D critical points are shown in the figure, and the error bars are not shown because they are smaller than the symbol size. Notice that the 2D and 3D critical points follow the same trend and their differences are minor. should occur for H Ͼ 6, due to the fact that the critical parameters must approach their bulk values when H → ϱ. Figure 7 shows the phase diagram determined using histogram reweighting techniques as described in Sec. II. The bulk phase diagram is from Ref. 34 . The critical parameters shown in the figure are the 2D critical point parameters. The error bars are smaller than the symbol size. Unlike the critical parameters, phase coexistence densities away from the critical point are found to be unaffected by finite-size effects. It can be seen that the coexistence density of the vapor phase is only weakly affected by confinement, whereas the liquid phase is very sensitive to this physical parameter. In particular, it can be seen that the dependence of the liquid density at coexistence upon H is highly nonmonotonic.
For comparison, we show in Fig. 8 the vapor-liquid phase diagram of a more complex fluid, the rigid five-site ST2 model of water, 35 under various degrees of confinement. In this model, a water molecule has a tetrahedral structure, with an oxygen atom at the center and four point charges ͑two positive charges representing partially shielded protons and two negative charges͒ located at the vertices. The force field consists of two parts, the LJ potential between central oxygen atoms and the Coulombic interactions between charges. Characteristic parameters describing energy and size can be found in Ref. 35 . To obtain the phase diagram of bulk ST2 water as well as that of ST2 water confined by hard walls, we followed the same procedure as described before for the LJ system. In bulk ST2 water, a cubic box is used. Four system sizes ͑L =6, 8, 10, and 12͒ were studied and the infinite-system-size critical point was obtained by extrapolation. The long-range electrostatic interactions were calculated using the 3D Ewald sum. For confined ST2 water, three system sizes were used for each wall separation and the infinite-system-size critical point was obtained by extrapola- 
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tion. The long-range electrostatic interactions were calculated using the 3D Ewald sum with a gap in the z direction between two neighbor replicas, as described in Ref. 77 . The parameter describing the width of the screening charge Gaussian distribution in the Ewald sum was set to be 0.269 Å −1 . It can be seen that the main features of Fig. 7 , such as the critical density maximum around H = 2, the critical density minimum around H = 1.8, the dependence of the coexistence densities of the vapor and liquid phases upon the extent of confinement, and the shift in the critical temperatures with H, are also preserved in confined ST2 water.
IV. CONCLUSIONS
Using LJ fluids confined between parallel hard walls as a model system, we have explored the application of the mixed-field finite-size scaling method of Wilding 33, 34 for determining critical parameters of phase transitions in confinement. We find that the probability distribution of the ordering operator, P͑M͒, undergoes a crossover from the 3D to the 2D Ising universality class at small enough wall separations ͑H͒ and large enough system sizes ͑L x = L y ϵ L͒. We define quantitative criteria for 3D, quasi-3D, quasi-2D, and 2D behavior based on matches of P͑M͒ to the 2D and 3D universal distributions. This allowed us to construct a "phase diagram" in the ͑L-H͒ plane showing the boundary between the various types of behavior.
We have shown the capability of the mixed-field finitesize scaling method in providing good estimates of the critical parameters of confined fluids using modest system sizes. We found that the infinite-size critical parameters extrapolated from the apparent 2D and 3D critical points have only minor differences.
We investigated the shifts of the critical temperature and density, and of the coexistence densities in the slitlike pores as a function of wall separation over the range Յ H Յ 6. Our results support the recent study of Jana et al. 12 in that we found at least three sharply different regions as a function of wall separation H: ͑1͒ Յ H Յ 1.8. The critical temperature increases slowly with H, but the critical density drops significantly, as does the saturated liquid density. ͑2͒ 1.8 Յ H Յ 2. The critical temperature increases sharply with H, the critical density increases with H, as does the saturated liquid density. ͑3͒ 2 Յ H Շ 6. The shift in the critical temperature with respect to the bulk value scales linearly with the inverse wall separation, 1 / H. The critical density decreases gradually with H, but not the saturated liquid density.
The same behavior is also found in the phase diagram of ST2 water confined by hard slitlike walls. A fourth region very near the 3D critical point may also exist, in which the critical density should increase again to approach the 3D value.
Studies for H Ͼ 6 and L Ͼ 28 are beyond the scope of this work, and the extension of the crossover line in Fig. 3 to the upper left region, as well as the dependence of the critical point and coexistence densities upon H for H Ͼ 6 deserve further investigation. In addition, further work is also needed on the dependence of the 2D-3D crossover line on additional variables, such as fluid-fluid and fluid-wall interactions. 
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